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ABSTRACT: The nature of ion solvation has drawn the interest of scientists for over a
century, yet a thorough theoretical understanding is still lacking. In this work, we focus on
the microscopic origins underlying ionic charge asymmetric and nonlinear response
contributions to ion solvation free energies. We first derive an exact expression for the
charging component of the ionic free energy, the free energy change when the Coulomb
interactions between a fixed ion and the solvent are gradually “turned on”. We then
introduce the concept of a Gaussian test charge distribution, a generalization of the classical
electrostatic point test charge that can be used to probe dielectric response in atomically
detailed models. This enables the study of a thermodynamic cycle that isolates a linear and
charge-symmetric contribution to the free energy that is well-described by Born-model-like
dielectric continuum theories. We give a simple physical derivation of the classic Born
model that locally relates the induced charge density in a linear dielectric model to
the applied ionic charge distribution. The nonlinear response and charge asymmetric
contributions to the ion solvation free energy are then examined in the remaining steps of the cycle and compared to classic
thermodynamic cycles for this process using computer simulations. The insights provided by this work will aid the development
of quantitative theories for the solvation of charged solutes.

1. INTRODUCTION
Ions are at the heart of many biological and technological
processes.1−5 However, a complete understanding of the
solvation of ionic solutes is lacking, despite being a subject of
intense experimental and theoretical investigation for nearly
a century. A major landmark in the theoretical description of
ion solvation was the model developed by Born in 1920.6 The
Born model of ion solvation traditionally assumes the solvent
is excluded from a spherical region around a point charge,
corresponding to the excluded volume core of the ionic solute,
while otherwise acting like a uniform linear dielectric in its
response to the ionic charge. This macroscopic dielectric
continuum theory (DCT) often yields estimates of solvation
thermodynamic quantities in reasonable order of magnitude
agreement with experiment, but is unable to describe many
detailed features of ion solvation even qualitatively. The most
notable example is the Born model’s failure to capture the
observed asymmetry of ion solvation free energies with respect to
the sign of the ion charge that exists for multipolar solvents7

(solvation in purely dipolar fluids is trivially symmetric), although
extensions have been developed that treat this asymmetry with
additional fitting parameters.8,9

Recent work has attempted to attribute a portion of the
asymmetric nature of ion solvation to the surface potential of
water arising from boundary interfaces far from the ion.10−13

While this in principle can contribute to solvation thermody-
namics, it has yet to be measured experimentally, and theoretical

estimates of the surface potential have differed in both sign and
magnitude.14−21 Moreover, the local restructuring of water at
the surface of even an uncharged ionic core generates a “broken
symmetry” state10,20−22 with a nonzero charge density that
directly contributes to the charge asymmetry when the core is
charged. These subtleties have led to intense theoretical
investigations regarding the manner in which ion solvation free
energies are estimated.7,10,12,14,15,20−25 Despite these advances,
our understanding of the microscopic origins and consequences
of the asymmetries and nonlinearities associated with ion solvation
thermodynamics remains incomplete.
In this paper, we first derive an exact expression for the

charging component of the ionic free energy, the free energy
change of a hypothetical process where the magnitude of the
charge of a fixed ion in the solvent is gradually increased in going
from an uncharged “ion core” to the fully charged ion. For the
simple classical models considered here all the other non-
electrostatic components of the ion−water interactions, including
in particular van der Waals interactions as well as the harshly
repulsive excluded volume interactions, remain unchanged during
the charging process and characterize the “ion core” as the term is
used in this paper. Both excluded volume and van der Waals
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interactions are known to play important (and often competing)
roles in the core contribution to the total ionic solvation free
energy of realistic ions.26

Here we focus on the generally much larger charging
contributions to the total solvation free energy where the charge
asymmetries directly manifest themselves. For simplicity and to
make most direct contact with the classical Born model, we
consider simple hard-sphere-like models of the ion core, but
inclusion of softer cores and van der Waals interactions would
not qualitatively change any of ourmain conclusions.We examine
here local contributions to the observed charge asymmetry and
nonlinear effects and will consider the role of distant boundaries
in a future publication.
We then give a new and simple physical derivation of the Born

model that allows us to assess its strengths and weakness as a
model for ion charging. We show in particular that Born-like
models can be very accurate when considering the response to
slowly varying Gaussian charge distributions rather than to
δ-function point charges inside ion cores. We argue it may be
both conceptually and practically useful to use Gaussian charges
as the first step in a new thermodynamic cycle to determine a
dominant and symmetric component for the total ion solvation
free energy, to which nonlinearities and charge asymmetries
make relatively small but very important corrections. These
corrections are then isolated in the remaining steps of the cycle,
allowing us to investigate their microscopic origins.

2. EXACT EXPRESSION FOR THE CHARGING
COMPONENT OF IONIC FREE ENERGY

The electrostatic potential arising from a fixed ionic solute with
a general uncharged core c and a charge distribution ρQ(r) with
total charge Q is

∫ ρ= ′ ′
| − ′|v r r r
r r

( ) d ( )Q
Q

(1)

Introducing a linear coupling parameter λ (0 ≤ λ ≤ 1)
multiplying the unit of ionic charge, the solute−solvent Coulomb
interaction energy Ψλ(R) between a partially charged ion with
potential vλ

Q(r)≡ λvQ(r) and the solvent withNC full charges in a
given configuration R is given by

∫ ρΨ ̅ = ̅λ λR vr r r R( ) d ( ) ( ; )Q q
(2)

Here

∑ρ δ̅ = − ̅
=

R qr r r R( ; ) ( ( ))q

i

N

i i
1

C

(3)

is the configurational charge density. Note that Ψλ(R) is the
only term in the solute−solvent Hamiltonian that depends
explicitly on λ.
We now want to determine the free energy change ΔGc(Q)

on charging the core from the uncharged state Gλ = 0
c (Q) ≡ G0

c to
the fully charged state with λ = 1. Following standard coupling
parameter methods we differentiate the exact partition function
expression for the free energy Gλ

c(Q) of the partially coupled
system with respect to λ and immediately obtain

λ λ= ⟨ Ψ ̅ ⟩λ λ
λ

G Rd
d

d ( )
d

c

(4)

∫ ρ= λvr r rd ( ) ( )Q q
(5)

where ⟨⟩λ denotes a normalized ensemble average when the
solute has coupling parameter (or charge state) λ and

ρ ρ≡ ⟨ ̅ ⟩λ λr r R( ) ( ; )q q
(6)

is the ensemble-averaged solvent charge density. In eqs 4 and 5
we have noted that vλ

Q(r) = λvQ(r) is linear in λ.
Integration of eq 5 over λ then yields an exact result that can be

written as

∫ ∫ ∫ρ λ ρΔ = + Δ

≡ Δ + Δ
λG Q v v

G Q G Q

r r r r r r( ) d ( ) ( ) d ( ) d ( )

( ) ( )

c Q q Q q

c c

0 0

1

P I (7)

Here Δρλq(r) ≡ ρλ
q(r) − ρ0

q(r) is the change in the solvent charge
density induced by charging the core from the uncharged λ = 0
state to the λ-state.
Since the charge density vanishes in a uniform bulk solvent,

one can identify ΔGP
c (Q) as the free energy that arises from

interactions between the fully charged solute and the pre-existing
solvent charge density ρ0

q(r) arising from boundaries that create
structural and electrostatic inhomogeneities in the absence
of solute charge.21 These boundaries can be far from the solute,
like the distant liquid−vapor interfaces or hard walls con-
sidered in several studies,11,12 but the repulsive core of the
uncharged solute (as well as van der Waals interactions if
present) generates a particularly important local boundary
that will induce a nonzero electrostatic response in a realistic
solvent like water.21 The ΔGP

c (Q) term is typically linear in the
solute charge Q , and is completely absent from the Born model
and similar symmetric dielectric continuum treatments of solvent
response.
The second term in eq 7 is the additional contribution to the

charging free energy from local solvent perturbations Δρλq(r)
induced by changes in the solute charge. This induced termΔGI

c(Q)
would be expected to be symmetric and proportional to Q2 for
small enough Q. However, for charges typical of physical ions,
additional asymmetric and nonlinear responses appear funda-
mentally due to solvent response to both electrostatic and non-
electrostatic interactions involving the ion and its core.10,21,25,27,28

Thus, the form of the charging free energy in eq 7 allows us
to separate the more symmetric and local charging-induced
contributions to thermodynamic properties from the inherently
asymmetric and often long-ranged contributions arising from
interactions between the solute charge and pre-existing electro-
static boundaries. We focus on the former in this paper, initially as
described by the Born model.

3. BORN MODEL FOR THE CHARGING FREE
ENERGY

In our derivation of a Born-like model for the charging free
energy ΔGc(Q), we consider carrying out the same coupling
parameter integration as in the previous section, where we
now systematically charge a cavity of radius R in a dielectric
from 0 to Q (λ = 0 to λ = 1). However, we additionally introduce
some simplifying assumptions about the nature of the solvent
and approximate the induced charge distribution. At λ = 0,
the system consists of an infinite continuum dielectric solvent
with an uncharged cavity at the origin. The Born model
(incorrectly) assumes that because this cavity has no charge,
it does not induce a dielectric response in the solvent. Thus,
outside the cavity, the solvent charge density is taken to be
uniform, with ρ0

q(r) = 0.
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Now we consider the solvent response as the ion charge
density is turned on. To arrive at the Born model we assume that
the solvent responds linearly and locally to the solute charge
density ρλ

Q(r) at each overlapping position r, in amanner dictated
by the solvent dielectric constant ϵ. This means that the induced
solvent charge density ρλ

q(r) is simply

ρ ρ= − − ϵλ λ⎜ ⎟⎛
⎝

⎞
⎠r r( ) 1 1 ( )q Q

(8)

with the dielectric solvent locally screening or canceling all but a
fraction 1/ϵ of the applied charge distribution ρλ

Q(r). In the next
section we will derive and test this approximation directly for
Gaussian charge distributions in SPC/E water and show that it
can be very accurate for slowly varying Gaussians.
However, in the standard Born ion model, the ion charge

ρλ
Q(r) is usually assumed to be a δ-function point charge inside
a cavity that excludes the dielectric so eq 8 cannot immediately
be used. However, using Gauss’ law, we can smear the charge
of the ion uniformly over the surface of the cavity to obtain
an equivalent solute charge distribution that now overlaps
with the solvent at r = R and has the same potential vQ(r) = Q/r
for r > R

ρ λ δ
π=
− ≥

<
λ

⎧
⎨⎪
⎩⎪

Q r R
r

r R

r R
r( )

( )
4
0

Q 2

(9)

The usual Born expression for the charging free energy is obtained
by simply inserting eqs 8 and 9 into eq 7, which gives

∫ ∫λλ δΔ = − − ϵ
−∞

⎜ ⎟⎛
⎝

⎞
⎠G Q Q r R

r
( ) 1 1 d ( )c

R

2

0

1

(10)

= − − ϵ
⎜ ⎟⎛
⎝

⎞
⎠

Q
R

1 1
2

2

(11)

In this interpretation the Born radius RB = R is a (charge-
independent) measure of the region around the ion where
solute−solvent interactions exclude most water molecules and
need not necessarily coincide with determinations of ion core
sizes in other contexts like crystal radii.
The above derivation clearly illustrates the major assumptions

in the Born model, which manifest its deficiencies. One major
assumption is that ρ0

q(r) = 0, which is known to be false. The
electrostatic response to nonelectrostatic perturbations, like an
uncharged ion core, have been heavily explored and are well-
understood.12,20,21 The other major assumption is the local linear
response of the solvent to the applied ion charge distribution.
This response is in fact nonlocal and nonlinear, as detailed
further below. The invalidity of these assumptions is due to
strong, short-ranged intermolecular interactions dominating
the perturbations and subsequent response. Thus, in order for
Born-like models to be valid, one needs to consider charge
perturbations that vary slowly over molecular correlation lengths
and can induce a linear response. We explore such distributions
in the following section.

4. SOLVATION OF A GAUSSIAN TEST CHARGE
In contrast to harshly repulsive solute cores and strong, short-
ranged electrostatic interactions from point charges, small
continuous charge densities that vary slowly over molecular
length scales need no shielding cores and are expected to induce
a linear response in the solvent. One such slowly varying

electrostatic interaction is that of a Gaussian charge distribution,
with charge density ρG

Q(r) ≡ QρG(r), where ρG(r) is a Gaussian
distribution with large width l

ρ
π

= −r
l

e( ) 1 r l
G 3 3/2

/2 2

(12)

The potential from a Gaussian charge distribution, determined
by eq 1, approaches that of a point charge of the same magnitude
at distances greater than l and can be useful in determining
thermodynamic properties of ion solvation, as discussed further
in the next section.
Moreover, the potential from a Gaussian charge distribution

does not have a singularity at its origin. Such a Gaussian charge
distribution needs no shielding nonelectrostatic core and can be
directly inserted even into an atomically detailed model of
dielectric media with effective point charges on atomic sites, as in
SPC/E water, in complete analogy to test charges considered
in classical electrostatics texts.29 A slowly varying distribution
will not incur the large energy variations from insertions in the
space outside or inside molecular cores that complicate analysis
of experimental probes of the surface potential.18 This same
insertion cannot be carried out with a δ-function point charge
unless its singularity is shielded by an ion core preventing overlap
as in the Born model. Thus, we anticipate that insertion of a
slowly varying Gaussian test charge distribution will generate
a classic dielectric continuum-like response even in atomically
detailed models.
As discussed in more detail below, these same qualitative

features should apply to many other slowly varying charge
distributions, but Gaussians have particularly simple properties
that permit analytic calculations of the dielectric response.
Gaussian charge distributions have long been used in many other
contexts as well, including Ewald sum treatments of periodic
boundary conditions for charged and polar systems,30 in the
development of polarizable versions of the simple point charge
models of ions and water considered in this paper,31−33 and even
as coarse-grained descriptions of polyions.34,35

We now estimate the free energy changeΔGl(Q) of inserting a
Gaussian test charge with width l in a uniform solvent by linearly
coupling its potential vG

Q(r) to a parameter λ, as done above.
When λ = 0, the system is simply the bulk solvent only, and λ = 1
corresponds to a fully interacting Gaussian with charge Q in the
solvent. The free energy in eq 7 can then be exactly written as

∫ ∫ λρΔ = λG Q v rr r( ) d ( ) d ( )l Q q
G

0

1

(13)

where ρλ
q(r) is the ensemble-averaged charge density at coupling

parameter λ. Note that the ρ0
q(r) andΔGP(Q) terms appearing in

eq 7 are rigorously zero here.
We can evaluate the free energy analytically by approximating

the charge density induced by the electrostatic potential of the
Gaussian test charge, vG

Q(r). Such an approximation is readily
obtained by transforming to Fourier space and functionally
expanding the charge density response to linear order in the
solute potential

ρ βχ̂ ≈ − ̂ ̂λ
λv kk k( ) ( ) ( )q qq Q

0 G (14)

where f(̂k) indicates the Fourier transform of f(r). Here vĜ
λQ(k) =

(4πλQ/k2)e−(kl)
2/4, and χ0̂

qq(k) is the Fourier transform of the
charge−charge linear response function

χ ρ ρ′ ≡ ⟨ ̅ ′ ̅ ⟩λ λr r r R r R( , ) ( ; ) ( ; )qq q q
(15)
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evaluated in the uniform bulk fluid (λ = 0). If the potential vG
Q(r)

is slowly varying over typical nearest-neighbor distances, then the
large k components of the charge density will contribute negligibly
to the response. Under these conditions, the linear response
function can be expanded to second order36,37

χ χ χ̂ ∼ ̂ + ̂ +k kk( ) ( )qq qq qq
0 0

(0) 2
0
(2) 46 (16)

where χ0̂
(0)qq = 0 due to neutrality, and ∫χ χ̂ = − r rrd ( )0

(2)qq 1
6

2
0
qq .

The second moment of the charge−charge linear response
function is exactly related to the dielectric constant by a generaliza-
tion of the Stillinger−Lovett moment conditions37−41

πβχ ̂ = − ϵ4 1 1qq
0
(2)

(17)

Thus, our final linear response theory approximation from eq 14
for the induced charge density is

ρ ρ≈ − − ϵλ
λ⎜ ⎟⎛

⎝
⎞
⎠r r( ) 1 1 ( )q Q

G (18)

in agreement with the simple dielectric continuum screening
arguments used above to derive the Born model. This illustrates
how such a response to a slowly varying charge distribution can
arise from microscopic principles.
We now evaluate the linear response theory prediction for

ΔGl(Q) for the Gaussian charge distribution by inserting eq 18
into eq 13 (and similarly for an arbitrary slowly varying charge
distribution) and obtain

πΔ = − − ϵ
⎜ ⎟⎛
⎝

⎞
⎠G Q Q

l
( )

2
1 1l

2

(19)

for the solvation free energy of a Gaussian charge distribution.
Other thermodynamic quantities of interest, like the solvation
entropy, can readily be obtained in this level of approximation as
illustrated in the Supporting Information.
Equation 19 can be used to define the width lB of an equivalent

Gaussian charge Born model with the same charging free energy
as in eq 11, where

π=R l /2B B (20)

However, we anticipate that eq 19 for the inserted Gaussian
energy will bemuchmore accurate than the standard Bornmodel
prediction for an ion, because complications from the strong
local forces associated with the ion core do not arise.

5. NUMERICAL VALIDATION OF THE GAUSSIAN TEST
CHARGE MODEL

In this and later sections it is useful to use the “cup” notation of
ref 42 to denote the solvation or field insertion free energy
change of a system in a general external field ϕ(r) relative to
the pure solvent. Thus, if ϕ(r) denotes the solute−solvent
interaction field from a fixed solute, the solvation free energy
Ğ[ϕ] ≡ G[ϕ] − G[ϕ = 0] gives the difference in free energy
between the full solvent−solute system and the pure solvent in
zero solute field. Introducing a simplified notation, the insertion
free energy ΔGl(Q) in eq 13 of the Gaussian charge field with
width l is written here as Ğl. Similarly the free energy change of
inserting an uncharged core c is denoted as Ğc. A core with an
embedded point charge p is denoted as cp, and a core with a
Gaussian is cl. We now numerically examine the structural and
thermodynamic response of SPC/E water to the insertion of a
Gaussian test charge of width l and magnitude Q.

The charge density response from eq 18 is compared with
those from simulations of the SPC/E water model in Figure 1A.
Despite the simulation noise at small r, the charge densities
computed from simulations closely follow those predicted by
eq 18, illustrating that the response to a Gaussian test charge
closely follows DCT. This additionally justifies the concept of a
Gaussian charge distribution being the analogue of a classical test
charge for atomistic models.
The continuum nature of the solvent response is better

illustrated by considering only its long-ranged portion. A useful
characterization of the long-wavelength electrostatic response of
a system is provided by the Gaussian smoothed charge density

∫ρ
σ π

ρ≡ ′ ′ ′σ σ− | − |er r r( ) 1 d ( )q q r r
3 3/2

( / )2

(21)

which arises naturally in the context of the local molecular
field theory of electrostatic systems.43,44 The smoothing length
σ should be chosen at least on the order of a characteristic nearest
neighbor distance, and here we take a conservative choice of
σ = 4.5 Å for smoothing over hydrogen bonds in water. The long-
wavelength response from this additional Gaussian smoothing
as characterized by ρqσ(r) is in near perfect agreement with the
theory, Figure 1B. The accuracy of our approach illustrates that
the long-wavelength components of electrostatic behavior follow
dielectric continuum theory, even on molecular length scales.
The computed Ğl for the SPC/E model, shown in Figure 2A

for several values of l, indicates that the free energies qualitatively

Figure 1. (A) Bare and (B) Gaussian smoothed charge densities in
SPC/E water induced by a Gaussian test charge of magnitude Q = ±1
and width l = 4.5 Å. Data points are simulation results while lines are
analytic approximations obtained through the use of eq 18. Smoothed
charge densities were calculated using a smoothing length of σ = l.

Figure 2. (A) Free energy of inserting a Gaussian test charge into SPC/
E water as a function of the charge Q for various values of the width, l.
Points correspond to simulation results. Solid lines are the predictions of
eq 19. (B) The difference in the insertion free energies ΔĞl(Q) for
Gaussian charges of equal magnitude but opposite sign, representing the
asymmetry in the insertion free energy with respect to the sign ofQ. For
l comparable to or greater than the size of a water molecule (i.e., the
minimum smoothing length in LMF theory), Δ±Ğ

l(Q) ≈ 0, such that
the response to the Gaussian charge is symmetric and follows linear
response theory. Linear response theory breaks down as the width of the
Gaussian is reduced.
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follow the theory for large l, although finite size corrections are
needed for quantitative accuracy.25,45 At small l, the free energies
become asymmetric with respect to Q , disagreeing with the
theory. To examine these asymmetries in the free energy with
respect to the sign of Q, in Figure 2B we show

Δ ̆ ≡ ̆ − ̆ −±G Q G Q G Q( ) ( ) ( )l l l
(22)

the difference in the free energy for the same magnitude ofQ but
opposite sign.
For large l, Δ±Ğ

l is symmetric with respect to Q and follows
the predictions of eq 19 to a good approximation, evidenced
by Δ±Ğ

l ≈ 0 in these cases. As l is decreased to 2 Å, the free
energies show signs of asymmetry with respect toQ , in qualitative
disagreement with the prediction of eq 19. This may be expected
because the Gaussian charge density becomes a point charge in
the limit l → 0, and the response correspondingly becomes
nonlinear and asymmetric with respect to Q.
Although we focus on Gaussian charge distributions, the

analogues of eqs 18 and 19 will provide an accurate linear
response description for any solute charge density placed in a
uniform solvent as long as it is sufficiently weak and slowly
varying. Similarly, the formalism is not limited to high dielectric
solvents like water.46 Additionally, we have found that higher
order terms in the expansion of the charge−charge linear
response function are needed to accurately describe conductors
and electrolytes, as described in the Appendix.
Finally, we note that both the structural and thermodynamic

responses of many different water models to Gaussian charges
will be similar for large l. This is because the response in this limit
depends only on ϵ, and many models have similar dielectric
constants. Important differences between models emerge
when the response becomes nonlinear from strong short-ranged
forces, as found when comparing TIP5P and SPC/E water near
the cores of hydrophobic solutes.21 This suggests it could be
conceptually and practically useful to rearrange the usual ion
solvation process to first focus on a large and essentially universal
Gaussian charge component well-described by DCT and then
consider the relatively smaller model-dependent nonlinear
corrections associated with a detailed description of strong
solvent−ion core interactions, as discussed in the next section.

6. THERMODYNAMIC CYCLES ISOLATING
NONLINEAR AND ASYMMETRIC CORRECTIONS
TO THE BORN MODEL

Here we show that charge-symmetric Born-like contributions to
the total charging free energy dominate ion solvation thermo-
dynamics. The remaining portions of the solvation free energy
can be nonlinear and asymmetric with respect to Q. Although
these terms make up a relatively small percentage of the total
(large) ion solvation free energy, their magnitude relative to kBT
can be very significant, and they are qualitatively important for
understanding the underlying physics of ion hydration.
By writing the solvation of an ion as a thermodynamic cycle

involving an initial insertion of a Gaussian test charge with
appropriately chosen width, we first determine a dominant Born-
like term. We then can systematically examine the remaining
steps, which effectively generate all corrections to dielectric
continuum theory.
This new thermodynamic cycle is rooted in concepts under-

lying the local molecular field (LMF) theory of nonuniform
fluids.43 It allows us to disentangle the effects of core solvation,
strong short-ranged ion−solvent interactions, and long-ranged

electrostatic interactions on the ion solvation free energy. To
develop this cycle, we split the ion−water Coulomb interactions,
and consequently the charging process, into short- and long-ranged
components. This is accomplished by writing 1/r = v0(r) + v1(r),
where

=v r r l
r

( ) erfc( / )
0 (23)

is the short-ranged portion of the potential, and

=v r r l
r

( ) erf( / )
1 (24)

is the long-ranged component, equivalent to the electrostatic
potential arising from a unit Gaussian test charge distribution
of width l. Analogously, v0(r) is the potential arising from a
unit point charge surrounding by a neutralizing Gaussian charge
distribution, and thus is short-ranged.
Using this separation of the Coulomb potential, we can

rearrange the ion solvation process such that insertion of a
Gaussian test charge is the first step in the thermodynamic cycle,
as illustrated by Cycle A of Figure 3A. Then, the ionic core is

solvated at the location of the Gaussian charge distribution.
In the final step, the short-ranged portion of the ion−solvent
electrostatic interaction is turned on, or equivalently, the width of
the Gaussian charge distribution is systematically reduced until a
delta function point charge is obtained. We will show that broken
charge symmetries involved in the last two steps manifest the
asymmetric and nonlinear nature of ion solvation.
Table 1 highlights that the first, Born-like step in Cycle A

dominates the thermodynamics of ion solvation. There, we list
the free energy for each leg of the cycle, and compare the relative
importance of the linear and charge-symmetric free energy, Ğl, to

Figure 3. LMF-based thermodynamic cycles for ion solvation:
(A) Cycle A and (B) Cycle B. Red arrows indicate steps that contain
nonlinear and charge asymmetric terms, while a green arrow indicates
that the step follows dielectric continuum theory. The size of the arrows,
though not to scale, is meant to give a rough indication of the relative
contribution of the step to the total ion solvation free energy. Blue
outlines around a core indicate that it contains a charge density
(Gaussian or point charge) within it that can be smeared over its surface
using Gauss’ law.

Table 1. Free Energies in Cycle A for Q = ±1 and l = 3.2 Åa

Q (e0) βĞl βΔGcl|l βΔGcp|cl β(ΔGcl|l + ΔGcp|cl) βĞcp

+ 1 −59 (155) +31 −10 +21 (−55) −38
−1 −58 (74) +15 −35 −20 (26) −78

aIn units of kBT, for a core with a hard sphere radius of 4 Å. Numbers
in parentheses indicate relative percentage of Ğcp. ΔGcl|l was obtained
using the relation ΔGcl|l = Ğcp − Ğl − ΔGcp|cl, where Ğcp was obtained
from Cycle B.
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the nonlinear and asymmetric portions,ΔGcl|l +ΔGcp|cl. Note that
we have approximated ΔGcl|l(Q) by its value at Q = 0 in order to
get a rough estimate of these relative contributions; ΔGcl|l for
nonzero Q will only tend to amplify the asymmetries and further
support our conclusions.
The data in Table 1 shows that the nonlinear and asymmetric

terms comprise 20% of the total solvation free energy (by
magnitude), while the first Born-like term of inserting a Gaussian
test charge dominates. Thus, we anticipate that thermodynamic
cycles like Cycle A will find use in computing solvation free
energies of charged solutes. In particular, the majority of the free
energy can be determined analytically in the first step with the
dielectric continuum theory presented above, while the remaining
smaller components of the free energy can be determined through
other means.
Moreover, previous work has shown that it may be statistically

advantageous to turn on repulsive LJ cores and attractive
interactions in concert, but point charge-based electrostatics cannot
be turned on until after a repulsive core is inserted.47 The use of a
Gaussian test charge allows for themodification of such frameworks
such that the long-ranged part of the electrostatics could be turned
on along with or even before the LJ core and attractions, potentially
improving statistics of the free energy calculation.
We additionally consider a second cycle, shown in Figure 3B

and termed Cycle B, where we first insert an uncharged core
into the solvent and then turn on the charge. This makes direct
connections with our earlier discussion of the charging free
energy and with classic approaches to ion solvation. However, in
separate charging steps of the cycle we first turn on the long-
ranged portion of the ion−solvent electrostatic interactions,
followed by turning on the short-ranged component of the
charge. We will show that Cycle B provides additional insight
into the role of the electrostatic potential induced by the
uncharged core in the first step. In particular, by first turning on
only the slowly varying, long-ranged electrostatic interactions, we
avoid any strong nonlinear response induced by the strong short-
ranged components of the solvent−ion Coulomb interactions.
This is accounted for in the last step in the cycle, which is the
same for both cycles.

7. CYCLE A: ISOLATING NONLINEAR AND
ASYMMETRIC RESPONSE
7.1. Corrections to Born Theory from Insertion of an

Uncharged Core. Having already established that the first step
of Cycle A, insertion of a Gaussian test charge, follows dielectric
continuum theory, we now consider the second step of inserting
a solute core in the presence of a Gaussian test charge with width
l = 4.5 Å. The initial response of SPC/E water to the Gaussian
charge density alone is symmetric with respect to the sign of
Q and follows linear response theory. However, the insertion of
an uncharged core serves to break local charge symmetry in its
vicinity,21 and the free energy associated with this process is
asymmetric with respect to the sign of the charge. Moreover,
solvation of such excluded volumes is known to be nonlinear,
except for very small solutes.
Thus, studying this insertion process in the presence of a

Gaussian test charge serves to illustrate that the charge symmetry
of the system is not broken prior to core insertion and core
insertion breaks this symmetry. We again note that asymmetries
arising from this process are at least an order of magnitude
smaller than the symmetric Born-like component of the free
energy for most ionic solutes. However, these terms may become
comparable for large colloidal solutes.

For simplicity, we estimate the free energy of inserting a small
solute core, corresponding to a hard sphere with a radius of
2.75 Å. For such small volumes, the free energy can be estimated
from equilibrium simulations by monitoring water density fluctua-
tions in a volume v of the same size and shape of the solute.48 To
be specific, the free energy of inserting a hard solute core in the
presence of the Gaussian charge is given by

βΔ = − =|G P Nln ( 0)cl l
v (25)

where Pv(N) is the probability of observing N water molecules
in the volume v, such that Pv(0) is the probability of observing
v empty. For larger volumes, umbrella sampling is needed to
compute Pv(N).

49 The conditional notation cl|l used in eq 25
indicates that the transition is from a state with a Gaussian charge
distribution with width l to a state cl with the Gaussian embedded
in the core.
The water number distributions Pv(N) are shown in Figure 4

for Q = 0, ±1.5. Density fluctuations in small spherical volumes,

like the one used here, typically follow Gaussian statistics to
a good approximation, allowing the insertion free energy to be
estimated from the mean and variance of Pv(N) alone. Therefore,
we also show the Gaussian estimates of Pv(N) as lines in Figure 4,
where the Gaussian estimate is given by

π δ
δ

− = ⟨ ⟩ −
− ⟨ ⟩
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P N N

N N
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ln ( ) 1
2
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( )

2 ( )v Q
Q

Q
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2

2

(26)

⟨(δN)⟩2 = ⟨N2⟩ − ⟨N⟩2 is the variance of the Gaussian distribu-
tion, and ⟨···⟩Q indicates an ensemble average in the presence
of a Gaussian charge distribution with magnitude Q (and width
l = 4.5 Å).
We find that water density fluctuations are asymmetric

with respect to Q , particularly at low N, indicating that the
local charge symmetry of the system is broken when the system
fluctuates away from ⟨N⟩Q, enabling insertion of a solute core.
The fluctuations are Gaussian to a good approximation for small
Q , but deviations begin to emerge at largeQ , especially forQ > 0.
The non-Gaussian nature of the density fluctuations indicates
that the insertion of a solute core in the presence of a Gaussian
charge is nonlinear, even for the small volume considered here,
and therefore may not be captured by Gaussian theories.
The asymmetry of the density fluctuations with respect to

solute charge manifest in ΔGcl|l, shown in Figure 5A, which
decreases with increasingly negativeQ and increases for increasingly

Figure 4.Distribution of the number of water moleculesN in a spherical
volume with a radius of 2.75 Å located at the center of a Gaussian
charge distribution with l = 4.5 Å for several values of Q. Here, the
negative logarithm of the distribution is shown; this corresponds to the
free energy as a function of N such that the free energy of inserting
the solute core is equivalent to βΔGcl|l = −ln Pv(0). Lines correspond to
Gaussian statistics, and error bars indicate one standard error.
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positive Q. While this qualitative trend is true even if insertion is
symmetric with respect to Q , the difference between hard sphere
insertion free energies obtained in the presence of Gaussian
charges of equal magnitude but opposite sign, Δ±ΔGcl|l, clearly
illustrates this asymmetry, which is of the same order of
magnitude of the core insertion free energy itself (Figure 5B).
Moreover, deviations from Gaussian fluctuations of the density
are clearly observed by comparing the simulation results (points)
with the estimates provided by assuming Gaussian fluctuations
(lines) in Figure 5.
We expect all the qualitative findings regarding asymmetry

with respect toQ and nonlinearities to be amplified when dealing
with larger solute cores. In that case, the distribution Pv(N) even
in the absence of charge has large non-Gaussian tails at low N,
illustrating that insertion of large cores is highly nonlinear (non-
Gaussian) even in the absence of charge, and will remain so if a
Gaussian charge is present. Moreover, because the Gaussian charge
couples largely to the lowN components of Pv(N), one can expect
that these tails will respond sensitively to Q (and possibly l).
The nonlinear response to core insertion in the presence of

even slowly varying electrostatic fields may have broad implica-
tions in the development of general theoretical descriptions of
solvation. When an electrostatic potential exists in a fluid prior to
core insertion, we find that the response is nonlinear, in contrast
to the analogous process for the long-ranged portion of the
LJ potential.50 While this construction may seem artificial, it is
precisely what occurs when describing solvation near charged
and polar surfaces, like proteins for example. Thus, Gaussian
theories of even small solute solvation may break down near
molecules or surfaces that exert electric fields on nearby solvent
molecules, and one should exercise caution when using such
approaches under these conditions.
7.2. Shrinking the Charge Increases Asymmetric

Response.We now consider the final step of cycle A, shrinking
the Gaussian charge density to a point charge. To compute the
free energy of this process, ΔGcp|cl, we perform a set of simula-
tions with a Gaussian charge centered inside a repulsive sphere
of radius 4 Å. The width of the Gaussian charge is then varied
from l1 = 4.5 Å to l2 = 0.1 Å, at which point the free energy
stops changing, because nearly all of the charge is inside the core,
effectively creating a point charge inside the core.
The free energy ΔGcl|cl1 and its difference with respect to the

same magnitude of charge, Δ±ΔGcl|cl1, are shown in Figure 6 for
|Q| = 0.5 and demonstrate two important points. First, the free

energy of shrinking the Gaussian charge is asymmetric,
evidenced by the fact that ΔGcl|cl1(Q) ≠ ΔGcl|cl1(−Q). Second,
the process of shrinking the Gaussian charge is nonlinear, as
suggested by the form of the simulated free energies.
Despite these differences, the qualitative form and magnitude

of the free energy change is closely approximated byDCT (eq 32,
described in the next section). Thus, we conjecture that it
may be possible to quantitatively describeΔGcp|cl using DCT as a
reference around which perturbations can be made, accounting
for microscopic asymmetries. However, this is beyond the scope
of the current work, and we reserve these developments for future
investigations.

8. CYCLE B: CHARGING CORES USING GAUSSIANS
We also consider the thermodynamic Cycle B, shown in
Figure 3B, in which the solute core is first inserted, and then
a Gaussian charge is turned on at the center of the core. This
Gaussian is again reduced to a point charge in a final step that is
the same as the last step in Cycle A. The first step of this process,
inserting an uncharged solute core, has been heavily studied, and
we do not re-examine this process here.
Instead, we focus only on the second step of Cycle B, turning

on a Gaussian charge distribution at the center of an uncharged
solute core. The uncharged solute core breaks the local charge
symmetry around the solute and induces a nonzero water charge
density.21 This nonzero charge density makes any subsequent
charging step asymmetric with respect to the sign of the charge.
We illustrate this here by turning on a Gaussian charge density
at the center of a solute hard core or cavity of radius R; this
is a charge-symmetric and linear process when carried out in the
absence of the core.
In order to obtain a DCT expression for the desired free

energy change ΔGcl|c we use the same local linear screening
picture described in section 3. Again we smear the part of
the Gaussian charge density inside the solute core onto its surface
using Gauss’ law, while leaving the tails of the Gaussian outside
that already overlap the solvent unchanged. The total charge
inside the core is given by

∫π ρ=Q rr Q r4 d ( )
R

in 0

2
G (27)

π π= − −⎜ ⎟
⎡
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⎛
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⎠

⎤
⎦⎥

Q
l

l R
l

Reerf 2 R l/2 2

(28)

Figure 5. (A) Free energy of inserting a hard sphere with a radius of
2.75 Å located at the center of a Gaussian charge distribution with
l = 4.5 Å as a function ofQ. A distinct asymmetry with respect to the sign
ofQ is observed. (B) A good measure of this asymmetry is the difference
between hard sphere insertion free energies obtained in the presence of
Gaussian charges of equal magnitude but opposite sign, βΔ±ΔGcl|l(Q ).
Lines are predictions made by assuming Gaussian density fluctuations
while data points are obtained from simulation. Error bars indicate one
standard error.

Figure 6. (A) Free energy of shrinking a Gaussian charge density,ΔGcl|cl1

with |Q| = 1 from l1 = 4.5 Å to l2 = 0.1 Å. The solid line is the prediction of
eq 32, which is independent of the sign of the charge. This estimate uses
R = 3 Å, because this radius refers to the volume from which solvent
charge density is excluded. (B) The difference in the shrinking free
energiesΔ±ΔGcl|cl1 for Gaussian charges of equal magnitude but opposite
sign, representing the asymmetry in the free energy with respect to the
sign of Q.
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Thus, the equivalent overlapping solute charge density is
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and the solvent response is assumed to be
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The expression for the free energy

∫ ∫λλ ρΔ =|G v rr rd d ( ) ( )cl c q
Q

0

1
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can then be readily integrated to obtain the DCT approximation

πΔ = − − ϵ − − ϵ

× +

|

−⎜ ⎟

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

⎤
⎦⎥

G
Q

R
Q

l

R
l

R
l

e

2
1 1

2
1 1

erfc 2 2 erf

cl c

R l

in
2 2

/2 2

(32)

This free energy smoothly interpolates between the respective
Gaussian test charge and Born theory limits: limR→0ΔGcl|c = Ğl

and liml→0ΔGcl|c = ΔGcp|c = ΔGc(Q).
We show in the Supporting Information that these same

results can be obtained from a Gaussian field model51 derived in
the spirit of dielectric continuum theory. We find that focusing
initially on the charge density rather than the free energy
functional simplifies the theoretical framework and clarifies the
physical assumptions made in DCTs.
The free energy ΔGcl|c obtained from simulation for R = 4 Å is

shown in Figure 7A and is asymmetric with respect to the sign

of Q , even for large l. This is better illustrated by considering
the difference in insertion free energies for the same magnitude
of Q but opposite sign, Δ±ΔGcl|c, Figure 7B. Even for the largest
width studied, significant asymmetries are observed for for high

|Q| (although they are at least an order of magnitude smaller than
the total charging free energy).
Equation 32 lacks the asymmetry contained in the simulation

results, but provides a good estimate of the order of magnitude of
the charging free energy, in complete analogy to the descrip-
tion of point charge ion solvation provided by Born theory.
This suggests that the response to the Gaussian charge is linear
beyond the charge asymmetry; this is elaborated upon in the next
section. Indeed, successful extensions to the Born model have
been developed that account for charge asymmetry through the
introduction of fitting parameters without a qualitative change in
the linear response form of the free energy.8,9

Finally, we note that if eq 20 is used to relate the Gaussian
width l to the Born radius RB, then the Born-like models derived
above predict thatΔGl(Q)≡ Ğl =ΔGc(Q) or effectively that the
(charge asymmetric) diagonal red arrow in Figure 3B can be
replaced by the (charge-symmetric) green arrow in Figure 3A.
This further use of the Born approximation thus predicts, for
example, that Ğl =ΔGcl|c +ΔGcp|cl. However, the only step in any
of the cycles that satisfies the Born approximation quantitatively
is that for Ğl, the insertion of a Gaussian test charge with large
width l, as labeled by the green arrow in Figure 3A. As shown
above, even the final step in both cycles is not quantitatively
described by a Born-like theory.
Thus, in general Ğl ≠ ΔGcl|c + ΔGcp|cl as a direct consequence

of the nonlinearities and asymmetries that contribute to the
free energies on the right-hand side, evidenced by the data in
Tables 1 and 2. Similar ideas underly the breakdown of other

relations that can be derived from this use of the Born approxi-
mation in Figure 3B. For example, Born theory would also lead
to Ğl being equal to Ğcp − Ğc, but the data in Tables 1 and 2 also
indicate that this equality does not hold, again demonstrating the
quantitative inaccuracy of this Born-like theory.

8.1. Linear Response Regimes of Gaussian Core
Charging in Water. Interestingly, the free energy difference
Δ±ΔGcl|c appears to have two linear regimes for all l-values for
SPC/E water; we have also observed an analogous existence of
two linear regimes in TIP5P water, although the asymmetry is
much smaller in that case. The first regime roughly corresponds
to Q ≤ 1, but will in general depend on l and R. This linear
regime is highlighted by the dashed line in the bottom panel of
Figure 7B. A transition from one linear regime to another then
occurs, after which Δ±ΔGcl|c scales linearly with Q , but with a
different slope than in the first regime, as indicated by the dotted
line in Figure 7B.
These two regimes can be understood from the structural

response of water to the Gaussian-charged core. At Q = 0, the
hydrogen bond network of SPC/E water is maintained around
the solute, but water molecules still tend to orient their dipoles
toward the solute, resulting in a net negative electrostatic
potential in the solute core with respect to that in the bulk
solvent. Correspondingly, hydrogen density is high slightly inside
the core boundary, resulting in a positive peak in the charge
density ρq(r), as shown in Figure 8A. When inserting a Gaussian

Figure 7. (A) Free energy ΔGcl|c of inserting a Gaussian charge density
into a hard solute core of radius 4 Å for three values of l. In all cases, the
charging free energy is asymmetric about Q = 0 due to the nonzero
charge density around the core even in the absence of charge. Solid lines
represent the predictions of eq 32 with R = 3 Å, because the volume in
the theory should exclude all charge. (B) The difference between the
insertion free energies for charges of equal magnitude but opposite sign,
Δ±ΔGcl|c, which quantifies the asymmetry in the insertion free energy
with respect to the sign of Q. Clearly, ΔGcl|c is highly asymmetric with
respect to the sign of Q , with it being more favorable to insert a
negatively charged Gaussian distribution. The dashed line is the
prediction from eq 33, while the dotted line is that from eq 34 forQ 0 = 2,
both for the case of l = 2 Å.

Table 2. Free Energies in Cycle B for Q = ± 1 and l = 3.2 Åa

Q (e0) βĞc βΔGcl|c βΔGcp|cl βĞcp

+1 +20 −48 −10 −38
−1 +20 −63 −35 −78

aIn units of kBT, for a core with a hard sphere radius of 4 Å. The DCT
estimate for Ğcp does not include a contribution from Ğc.
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charge distribution with a smallQ (or large l), the water structure
around the core is not significantly perturbed, and the solvent
responds linearly about the Q = 0 system. Therefore, Δ±ΔGcl|c

can be approximated by

Δ Δ = | |⟨ ⟩±
|G Q Q V( ) 2cl c

l 0 (33)

where V1 ≡ V1(R) = ∑i = 1
NC qivl(ri(R)) is the total interaction

energy between the NC charged solvent sites in the system and
the Gaussian charge distribution, divided by the charge of the
Gaussian. Indeed, the linear response theory estimate provided
by eq 33 yields an accurate description of Δ±ΔGcl|c in this first
regime, as shown by the dashed line in Figure 7B.
As the magnitude of the charge becomes large (1−2e0), the

water structure around the core begins to change substantially.
Large reorientations begin to point hydrogen atoms directly into
the solute core when Q < 0, and comparably large reorienta-
tions direct O−H bonds away from the solute when Q > 0.
Correspondingly, a large positive peak well within the hard solute
core develops in ρq(r) when Q < −2, and all positive charge
density inside the core vanishes when Q > +2, Figure 8B. The
transition region 1 ≤ Q ≤ 2 arises from these structural changes.
BeyondQ = 2, the structural response of water to the Gaussian

charge does not qualitatively change; i.e., there are no significant
reorientations of water molecules that change the general
features of ρq(r). Therefore, the solvent again responds linearly,
but about these new solvation structures (|Q| ≈ 2), which differ
for positive and negative charges. When the reference state is
taken to be Q 0 ≠ 0, we can again use linear response theory to
approximate the free energy difference

Δ Δ = Δ Δ + | − | ⟨ ⟩ − ⟨ ⟩±
|

±
|

−G Q G Q Q Q V V( ) ( ) [ ]cl c cl c
Q Q0 0 1 10 0

(34)

where we now have a different reference state for positive and
negative charges (here taken to be of the same magnitude Q 0),
and we have assumed that fluctuations in the energy about the
two reference states are the same, which is a good approximation.
The linear response theory approximation given by eq 34 indeed
provides a good estimate ofΔ±ΔGcl|c in this second linear regime,
as indicated by the dashed line in Figure 7B obtained for Q 0 = 2.
The presence of two linear response regimes may have

significant implications for understanding specific ion effects.
In particular, many interesting phenomena are observed for
multivalent ions that are absent in their monovalent counter-
parts.1,5,52 These unique effects may be related to multivalent
ions being in the high Q LRT regime, which results from very

strong, nonlinear distortions of the hydration shell with respect
to the Q ≤ 1 states.
We note that although the transition region and the location of

the two linear regimes are similar for all l values shown here, one
would anticipate that the boundaries between these regimes will
depend on the solute size and shape. Additionally, the relative
sensitivity of these regimes to l should also depend on the nature
of the solute (i.e., size and shape). However, a thorough
investigation of the l and R-dependence is beyond the scope of
the current work.

9. SIMULATION DETAILS
Molecular dynamics (MD) simulations were performed using
the DL_POLY version 2.18 software package,53 modified to
include the Gaussian charge and excluded volume potentials
used throughout this work. Ion cores are described using the
hyperbolic tangent potential employed in previous work.21

All simulations were performed in the isothermal−isobaric
(constant NPT) ensemble using a Berendsen thermostat and
barostat54 tomaintain the temperature and pressure of the system
at T = 300 K and P = 1 atm. Electrostatic interactions between
water molecules were evaluated using Ewald summation,30 with a
real space cutoff of 9 Å and a precision of 10−6. Solute−solvent
electrostatic interactions were computed using direct summa-
tion to ensure that the solvent response follows the expected
asymptotics for an infinite system and is not distorted by
Ewald summation techniques.55 This approach leads to small
artifacts localized near the edge of the box, and any molecules
within 10 Å from the box edge were neglected when computing
properties.

■ APPENDIX: DERIVATION AND ANALYSIS OF
GAUSSIAN TEST CHARGE INSERTION IN
ELECTROLYTES

As a more stringent test of our ideas, we apply the above dielectric
continuum formalism to a conductor, the symmetric primitive
model (SPM) electrolyte, the response of which will be trivially
symmetric with respect to the sign of the Gaussian charge
distribution. Instead of the traditional SPM, which consists of
charged hard spheres of equal diameter, whose hard core potential
is difficult to treat using standard MD packages, we use harshly
repulsive but continuous charged Weeks−Chandler−Andersen
(WCA) spheres with equal Lennard-Jones (LJ) diameters.56

In a conducting medium, ϵ = ∞, and eq 18 becomes

ρ
π

= − −Q
l

er( )q r l
3 3/2

/2 2

(35)

By assuming a local linear response, the induced charge density is
now equal and opposite to the applied Gaussian charge
distribution itself, and the total charge density of the system is
zero for all r! While this is consistent with the zeroth moment
complete screening condition of Stillinger and Lovett,38−40,57

this lowest order approximation for the total charge density in a
conducting fluid has no nonzero terms, and it is clear that
additional terms in the small k expansion of the charge density are
needed for an accurate description of the response of a
conducting fluid to a Gaussian test charge.
We follow the treatment developed in eq 16 for describing

Gaussian charge solvation but keep terms to fourth order in k in
the expansion of the charge−charge linear response function

χ χ χ̂ ∼ ̂ + ̂k kk( )qq qq qq
0

2
0
(2) 4

0
(4)

(36)

Figure 8. (A) Charge density ρq(r) as a function of distance from the
solute core for charges in the first linear response regime. The structure
is only slightly perturbed about the Q = 0 case when Q < 1. (B) Charge
densities in the second linear response regime differ dramatically from
theQ = 0 case. However, further increasingQ in the positive or negative
direction does not change the qualitative features of the charge density,
such that increases in Q result in a linear response about the respective
(sign-dependent) reference systems.

The Journal of Physical Chemistry B Article

DOI: 10.1021/acs.jpcb.6b02238
J. Phys. Chem. B 2016, 120, 6238−6249

6246

http://dx.doi.org/10.1021/acs.jpcb.6b02238


to obtain
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for the charge density response induced by the Gaussian charge
distribution and
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for the free energy change upon insertion of the test charge
density.
The generalized Debye−Hückel (GDH) theory of Lee and

Fisher58−60 provides an expression for the fourth-moment of the
charge−charge linear response function
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where ξ π ρ= k T q/(8 )D B
2 is the Debye length, q is the

magnitude of the charge of the ions, ρ is the ensemble-averaged
number density of the electrolyte in the volumeV, and x = d/ξD is
the diameter of an ion in units of the Debye length. The GDH
theory satisfies both the zeroth and second moment conditions
of Stillinger and Lovett,38−40,58,60 and yields exact results for
correlations in the low density limit. However, GDH predictions
are only semiquantitative, and in general will not yield accurate
estimates of χ0̂

(4)qq for all ρ and Γ. Nevertheless, simulation
results60 seem to indicate that, at our chosen state point, which is
far from the critical point, GDH theory will yield reasonable
estimates for the fourth moment of the linear response function,
and indeed we find this to be true.
We probe the response of a neutral SPM composed of

N = N+ + N− = 1000 ions at a density of ρd3 = 0.3816 and a
coupling strength of Γ = βq2/d = 5 to Gaussian test charges of
varying width and magnitude, where d ≈ σLJ is the approximate
diameter of an ion of the SPM, with an LJ well depth of εLJ = kBT.
For all Q and l studied, we find that terms of order k4 in the
expansion of the linear response function (which are of order k2

in the small-k expansion of the nonuniform charge density ρq(r))

Figure 9. (A) Gaussian smoothed charge densities of the SPM in response to Gaussian charge distributions of varying width with Q = 5q. Symbols are
simulation results; the approximations to second and fourth order in the expansion of the linear response function are indicated by dashed lines and solid
lines, respectively. Gaussian smoothing was performed using σ = 2d. (B) Probability distributions of the interaction energyΨ for a Gaussian test charge
of magnitude Q = 5d and l = 2d. The solid line is the corresponding analytic approximation. (C) Free energy of inserting a Gaussian test charge with
width l = 2d as a function ofQ/q. (D) Variance of the interaction energy as a function of L−1 for a Gaussian test charge withQ = 5d and l = 2d. The solid
line is a linear fit to the data points, and the starred data point is given by eq 40.
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are needed to accurately describe the structural response for all r,
as exemplified by the Gaussian smoothed charge densities
shown in Figure 9. However, as expected, at large enough r both
expressions for the induced charge density converge to the same
value and accurately describe the asymptotic charge density
response.
Fluctuations in the test charge-SPM interaction energy follow

Gaussian statistics for all systems under study in agreement with
the continuum theory, as evidenced by the distributions in
Figure 9B. In addition, simulation results obtained by varying
N from 250 to 3000 ions yield the L−1 scaling behavior expected
from theory, and the L → ∞ limit obtained from extrapolation
agrees well with the continuum theory estimate

δ π
πβχ
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k TQ
l l

( ( ))
2

2
1

4 qq
2 B

2
0
(4)

2
(40)

as shown in Figure 9D. In contrast, neglect of terms of order k4 in
the expansion of the charge−charge linear response function
leads to an underestimation of the infinite system limit as
obtained from simulation, illustrated by the point labeled k( )26
in Figure 9D. The free energies of inserting a Gaussian test charge
as a function ofQ/q in Figure 9C are also in good agreement with
the theory developed here.
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